Abstract. By focusing an excimer pumped dye laser on an atomic beam, we have observed multiphoton multiple ionisation of the neutral strontium atom in the tuned wavelength range 532-41 nm. Sr+ and Sr++ yields were measured with a time of flight spectrometer. At least three photons are required to produce Sr' and eight photons to produce ST++. As a function of the wavelength, the Sr' yield exhibits resonances which correspond to two-photon excitation of bound states (5s'-5p2 ID, and 5s'-5pz IS,) and three-photon excitation of autoionising states 4d5f J = 1 and J = 3 of the neutral atom. The Sr++ yield exhibits four broad smooth resonances that we interpret, from known spectroscopic data, as two-photcn (5p,,,-4f), three-photon (5~-6p,,~,~,') and four-photon (5s-7d) resonances in the singly charged ion. The latter transitions start from a singly charged ion in the 5s or 5p,,, state reached after three-or four-photon ionisation of the neutral ground state. The variation of the Sr++ pattern as a function of the dye laser beam intensity shows that resonances are shifted and broadened when the intensity is increased. These features have been interpreted by a perturbative treatment of Sr+ ionisation based on the use of an effective Hamiltonian which takes into account higher-order terms involved in the calculation of resonance effects. Calculated multiphoton ionisation probabilities are in good agreement with experimental data.
Introduction
We report new results on multiphoton multiple ionisation of the strontium atom in the range 532-41 nm. Single ionisation of strontium has previously been observed with a dye laser tuned in the ranges 556-64 nm (Chin et a1 1981) , 555-77 nm (Feldmann and Welge 1982) and 530-6nm (Feldmann et a1 1982a) . Double ionisation, which requires stronger intensity (>40 GW cm-2), was primarily investigated at a few fixed frequencies corresponding to the Nd:YAG laser (Aleksakhin et a1 1979 , Feldmann et a1 1982a and its harmonics (Feldmann et a1 1982b) . Double ionisation with tunable lasers was observed in a short range around 561 nm (Feldmann et a1 1982) , at low resolution between 562 and 592 nm (Bondar et a1 1986) and recently from 558 to 570nm with a picosecond dye laser (Agostini and Petite 1985a,b) . A theoretical interpretation of the latter work has been given by Lambropoulos et a1 (1988) . To our knowledge, double ionisation of strontium had never been observed in the range 532 to 541 nm.
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In § 2 we briefly recall the experimental set-up which has been presented elsewhere. Resonances observed in single ionisation yield have allowed us to identify autoionising levels never observed before. The spectra of ion yields are described in 0 3. Resonances observed in double ionisation yield have been studied as a function of light intensity in order to ascertain their interpretation. The principles of the theoretical treatment are reviewed in § 4. The evolution of ion yield is discussed in 0 5 .
Experimental set-up
The experimental approach that we have used is pulsed dye laser multiphoton ionisation of Sr atoms in an atomic beam with a time of flight discrimination between Sr+ and Sr++ ions. The experimental set-up is similar to the one used earlier to investigate double Rydberg autoionising levels in barium (Camus et a1 1985) . An effusive collimated beam produced by a resistively heated oven propagates between two parallel 90% transmission grids, 1 cm apart. The strontium beam density, where the laser is focused, is of the order of lo9 ~m -~.
In order to generate light tunable in the range 532-41 nm, we use a 150 mJ XeCl excimer laser to pump a Coumarine 307 dye laser which produces pulses of frequency width 4.2 GHz (FWHM), duration 7.5 ns (FWHM) and energies up to 2 mJ (measured at the entrance window), at a 10 Hz repetition rate. The dye laser beam is focused by a spherical lens of 50 mm focal length between two grids, where it crosses the atomic beam at right angles. Direct observation of the laser beam at the focus was not possible and therefore we could not determine accurately the spatial distribution of intensity in the beam. It is reasonable to consider that the maximum intensity is in the range 8-16 GW cm-2, these values being obtained under two extreme assumptions for the structure of the laser beam: a plane wave and a Gaussian beam respectively.
Approximately 20011s after the laser is switched on, a static electric field pulse (200 V, 250 ns) is applied to one of the grids. The effect is to pull the ions out of the interaction volume towards a tandem of microchannel plates through a 10 cm long field free drift zone. The Sr++ and Sr+ times of flight are respectively 10 and 20 ps. The two ion signals can be analysed simultaneously with a two-channel boxcar averager.
Spectroscopic interpretation of ion yields
The spectra of singly and doubly charged ions have been recorded as a function of laser wavelength. Resonances have been assigned to levels of neutral and singly ionised strontium respectively. A scheme of energy levels is given in figure 1. Resonance line wavelengths in ion yield spectra are measured by comparison with a one-photon optogalvanic spectrum provided by a commercial Ne hollow-cathode lamp used as a secondarx standard for wavelength calibration. The accuracy of the laser wavelength measurements is of the order of 0.02 nm depending on the width of the lines. corresponds to a two-photon transition to bound level 5p2 'So, the energy of which is given in Moore's tables (1947) . The three weak and broad lines correspond to threephoton transitions to the 4d5f J = 1 autoionising levels previously observed in onephoton vuv absorption experiments (Garton and Codling 1968) . The four medium and relatively sharp lines have been assigned to three-photon transitions to 4d5f J = 3 newly observed autoionising levels.
Singly charged ions
The latter assignments are confirmed by the variation of the Srt pattern when the light polarisation is varied (see figure 3) . In this perspective, we have carried out two series of experiments using either circular or linear polarisation with a lens of a longer focal length (200 mm). However, the polarisation is not completely preserved when the laser beam is so tightly focused. As a result, thanks to selection rules, we are able to discriminate between states J = 1 and J = 3, the latter being favoured when the initial polarisation is circular. Figures 3 ( a ) and ( b ) show the spectrum of the Srt yield as a function of laser wavelength for initial linear and circular polarisation respectively. 5 New identified levels.
11 Observed previously by Feldmann er nl (1982a) but not interpreted.
" A is the difference between wavenumbers measured in this work (second column) and wavenumbers deduced from previous measurements (sixth column).
The measured wavelengths, together with the assignment of the transitions, are listed in table 1. Figure 4 shows the Srtt yield spectrum recorded with linearly ( a ) and circularly ( b ) polarised light ((e) will be commented upon later). In the range 18 200 to 18 800 cm-' four broad resonances are observed. The pattern varies when the light intensity is varied and depends on the polarisation. As a function of light intensity, the two middle resonances, which are slightly shifted, can be assigned to a four-photon transition 5s-7d and a two-photon transition 5pl,,-4f. The two extreme resonances, which are strongly shifted when the intensity is increased, can be assigned to three-photon transitions 5~-6p,/,,,/~. These four resonances are much broader than the resonances observed in the Srt yield. Profiles of the 5~-6 p~,~,~,~ resonances are strongly asymmetric. The difference in the Sr++ pattern for linear and circular polarisation confirms the assignments given above. 5s-6p 1,2,3,2 transitions are forbidden in circular polarisation and appear in both spectra only because the initial polarisation of the light is not preserved after focusing ( f = 50 mm). A comparison of figures 4(a) and ( b ) shows that transition 5s-7d is favoured when the initial polarisation is circular.
Doubly charged ions
In order to clarify the relation between the Srt and Sr++ yield spectra, we have recorded both at the same intensity (0.9 mJ per light pulse). The Ne hollow-cathode OG spectrum is given for wavelength calibration (see figure 5 ) .
Calculation of multiphoton ionisation probabilities
Principle of the method
We use the effective operator method which was initially introduced for the study of resonant multiphoton ionisation (Armstrong et al 1975) and has since been widely Tables (1947) . For the recording corresponding to a pulse energy of 0.55 mJ, the signal has been multiplied by a factor of two.
used , LomprC er a1 1980, Crance 1982 , Petite et a1 1984 . The principle of the method consists in using the projection operator technique (Mower 1966) to define a set of discrete states for which an effective Hamiltonian is written. The Hamiltonian matrix elements (diagonal and non-diagonal) are calculated by standard perturbation treatment to the lowest non-vanishing order. Because of the ionisation processes, it is a non-Hermitian matrix. By diagonalisation of the effective Hamiltonian, eigenstates are defined by pseudoenergies; the real part corresponds to the energies, the imaginary part describes the relaxation of discrete states by photoionisation. In addition to the initial state, we introduce explicitly the discrete states which are expected to be strongly coupled with the initial state, i.e. the quasiresonant states at each step of the ionisation process.
We use the dressed-atom picture; the electromagnetic field is treated quantum mechanically. Dressed-atom states are tensorial products of atomic states and field states (in the occupation number representation). The initial state is 1i)lN) ( N is assumed to be large and need not to be given an explicit value). A quasiresonant state is written as la)lN -r ) when the transition i-a involves r photon absorptions. Two types of matrix elements are involved: multiphoton transition probability amplitudes and non-resonant AC Stark shifts. The Hamiltonian matrix elements vary smoothly in the range of frequency where the light field can be put in resonance with the states explicitly introduced. We thus calculate the effective Hamiltonian matrix elements for a few frequencies in this range. By interpolating each matrix element, we obtain an analytic expression of the effective Hamiltonian matrix valid in a large range of frequency. Atomic quantities are computed in the framework of a single-electron model using a central potential (Klapisch 1971) . The method described above has been applied to the five-photon ionisation from the singly charged ion of strontium in the state 5s and to the four-photon ionisation from Sr+ in the state 5p,,, for linearly polarised light.
Five-photon ionisation from singly charged strontium in the state 5s
Ionisation of Srt(5s) in the range 18 200 to 18 800 cm-' requires the absorption of five photons. After absorption of three photons, there are two quasiresonant states: 6p1/2 and 6~312. After absorption of four photons, there are three quasiresonant states: 8s, 7d,,, and 7dS,, . The Hamiltonian matrix is built on the six states I5s)l N ) , 16p,,,)JN -3), 16p3,,)lN -3), 18s)l N -4), I7d3/,)l N -4) and 17ds,2)1 N -4). Up to a light intensity of 1 GW cm-2, the ionisation probability from 5s hardly departs from its value obtained by perturbation treatment at lowest non-vanishing order, except very close to resonances. For larger intensities, the resonances are shifted. The 7d resonances which remain very close together are slightly shifted towards higher frequencies. The 6p resonances are shifted apart, more strongly for 6p3/2 than for 6~112. The results are given in figure 6. Resonances 6~112 and 6p3/2 are of similar magnitudes. Resonance 7d3,z is much smaller than resonance 7d5/,. The most important contributions to ionisation correspond to the paths involving resonant states. There is only one such path involving 7ds/2 (i.e. 5s-6p,,,-7dS12). There are two paths involving 7d3/2 (i.e. 5s-6pI,,-7d,/, and 5~-6p,/,-7d,,~). These paths interfere destructively because their magnitudes are similar and their signs are opposite since 7d resonances fall between 6~112 and 6~31, resonances. This destructive interference explains the weakness of resonance 7d3,, .
Four-photon ionisation from singly charged strontium in the stare 5p
Ionisation of S r + ( 5~~,~) in the range 18 200 to 18 800 cm-' requires the absorption of four photons. After absorption of two photons, there are two quasiresonant states: 4f5/, and 4f,,,. The initial state 5p,,, is strongly coupled to 5p3/2. The Hamiltonian matrix is built on the four states I~P~,~~I N ) , I5psl2)IN), 14fs12)lN-2) and i4f,/2)lN -2).
Up to a light intensity of 1 GW cm-, the ionisation probability from 5p,,, hardly departs from its value obtained by perturbation treatment at lowest non-vanishing order. For larger intensities, the resonances are slightly shifted towards low frequencies. The results are given in figure 7.
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536 538 X (nml Figure 7 . Intensity-dependent four-photon ionisation cross section from the Sp,,, state of Sr+ for two intensities: full line, intensity lower than 1 GW cm-2; broken line, intensity 15 GW cm-2.
Interpretation of the ion yields
The number of singly and doubly charged ions have been measured as a function of the laser frequency for various intensities. Ions are detected with a time of flight spectrometer, so that it is not possible to know in which state the ions are produced. Concerning doubly charged ions, there is no ambiguity since the first excited state of Sr++ is located at least 100 000 cm-' above the ground state. For singly charged ions, there is certainly a large number of ions produced in excited states 4d and 5p. This belief is based first on the knowledge of the electron energy spectrum, which has been studied by Agostini and Petite (1985a, b) for a frequency range very close to the one concerned here. The analysis of the electron energy spectrum allowed them to determine how many photons were absorbed and what the state of the singly charged ion formed was. It appeared that a large proportion of the events (more than 50%) leads to the formation of Sr' in an excited state (4d or 5p efficiently to ionisation in the range of frequencies investigated). In order to interpret the development of resonances, we need to recall some general features about resonant multiphoton ionisation in strong fields.
Resonant multiphoton ionisation: general features
The intensity dependence of multiphoton ionisation near a resonance has been widely studied and we shall only recall the essential features. For n-photon ionisation, r-photon resonant, the width of the resonance is the ionisation probability from the resonant state, and thus it increases as the ( n -r)th power of intensity. The area under the resonant profile grows as the rth power of intensity and thus the magnitude of the resonance at its maximum increases as the (2r -n)th power of intensity. The background ion yield N(Sr+(Ss)) is expected to increase as the third power of intensity. Obviously, the latter considerations are valid when ionisation is not saturated, i.e. when the number of ions created remains small compared to the number of neutrals available. When saturation occurs, the ionisation probability remains constant when the intensity is increased. The number of ions created increases because of the extension of the interaction volume: a larger number of atoms are irradiated by a light field able to saturate ionisation. Saturation occurs first at the maximum of resonance profiles. When the intensity is increased, the width of the profile is no longer the ionisation probability of the resonant state.
Analysis of multiphoton ionisation of neutral strontium
In the range of frequencies where doubly charged ions of strontium are observed (18 560 to 18 750 cm-'), the neutral strontium ground state ionises after absorption of at least three photons. The observed Sr+ yield is the sum of the yields Sr+(Ss), Srt(5p) and Sr+(4d). In order to interpret the formation of doubly charged ions, we have to understand what are the relative contributions to Sr'( Ss), Sri(5p) and Sr+(4d) respectively. The thin resonances observed in the Sr+ yield do not appear in the Sr++ yield. This suggests that the yield of Sr+(Ss) is a slowly varying function of frequency and that the resonances belong to Sr+(Sp) or Srf(4d). Single ionisation to the 5s state requires the absorption of three photons while double ionisation from the 5s state requires the absorption of five photons. As a consequence, the saturation intensity for single ionisation in the 5s state is smaller than for double ionisation. It is thus reasonable to consider the yield of Sr+ in the 5s state as constant in the range of frequencies where resonances are observed in Srtt yield. The latter assumption is confirmed by the studies of intensity dependence discussed below. However, we have to keep in mind a possible smooth variation of the Sr+ yield which would induce a distortion of the Srtt spectrum.
Analysis of multiphoton ionisation of singly charged strontium
In the range of frequencies 18 560 to 18 750 cm-', four broad smooth resonances are obtained. The absence of any thin resonance in the yield of Sr++ confirms our interpretation of ionisation of neutral strontium: the resonances appearing in the Sr+ yield belong to the yield of Sr' in an excited state but have a negligible contribution to the yield of Sr+ in the ground state. From known spectroscopic data, the resonances can be assigned to the transitions 5s-6pI,, , 5s-7d, 5pIl2-4f and 5s-6p3,, . The variation of the pattern as a function of light intensity shows that the resonances are shifted apart when the intensity is increased. This is due to the strong one-photon interaction between the 7d and 6p states. For isolated resonances, the light shift is generally a quadratic function of the intensity. For the more complex interactions occurring here, the intensity dependence of light shifts cannot be described by a simple analytical formula. Since the transitions Sr + Sr+ + Sri + occur sequentially, for each resonance nl, + n'l;,, the number of doubly charged ions detected, N(Sr++), is the product of the number of singly charged ions N(Sr+(nl,)) produced and the ionisation probability from singly charged strontium in state nl,. In order to obtain the ionisation probability, P(Sr++(nZ,)), from state nl,, we must 'renormalise' the resonance profiles by the ion yield N (Sr+( nl,)) .
Experimentally, the light intensity has been varied from 0.1 Z, to I M . Theoretical predictions for light shifts are in good agreement with experimental positions at maximum intensity I M for an intensity of about 15 GW cm-2. This value is compatible with the experimental determination of the light intensity. The comparison between experimental profiles and theoretical curves of ionisation probability shows that the transitions 5pl,2-+ 4f, 5s -+ 6pl/2 and 5s + 6~312 are saturated. In other words the probabilities P(Sr+(Ss) -+ Sr++) and P(SrC(5p) -+ Srtf) both equal one at the maximum of each profile. The increase of N(Srf+) with intensity is only due to the increase of the Sr+ yield.
The intensity dependence of the ion yield has been measured, in the range 0.1 ZM to IM (ZM corresponds to 2.2 mJ of energy per light pulse), on the top of resonances 4f, 6~112, 6~31, and on the wing of resonance 6~312. The curves, in a log-log plot, are approximately straight lines in the lowest range of intensity, then they bend near maximum intensity. According to the discussion of 8 5.1, for low intensity we expect P(Sr+(5s) + Sr++) to vary linearly with intensity at the top of resonances 6p ( r = 3, n = 5 and thus 2r -n = 1) and to be independent of intensity at the top of resonance 4f ( r = 2, n = 4 and thus 2r -n = 0). Our assumption of a frequency-independent Sr+ yield means, in fact, that we assume the processes Sr+ Sr'(5s) and Sr-, Sr+(5p) to be non-resonant. The latter assumption implies that, at least for low intensity, P(Sr+ Sr+(Ss)) varies as the third power of intensity and P(Sr+ Srt(5p)) varies as the fourth power of intensity. Finally, we expect the yield of Sr++ to vary as the fourth power of intensity at the top of resonances 4f, 6~112 and 6~312. This is compatible with the curves presented in figure 8 . How fast the slope decreases when the intensity is increased, reflects the saturation of single ionisation. Saturation of single ionisation appears first at resonance 6pl/, (for pulse energy 0.7 mJ) and then at resonances 4f and 6~312 (for pulse energy 1 mJ). The linear intensity dependence for intensity close to IM means that both transitions Sr'(5s) + Sr++ and Sr+ Sr+(5s) are saturated. The curve in figure 8 ( d ) corresponds to the wing of resonance 6p3/2. This curve is to be interpreted with reference to figure 8 ( c ) . For the straight line part, the slope is larger in ( d ) than in (c). Such behaviour is expected since the slope for low intensity is known (Crance 1982) to vary from 2r -n to n for frequencies varying from the top of the resonance to the extreme wings of the profile. The intensity dependence observed confirms our interpretation for the respective roles of single and double ionisation.
For maximum intensity, the profile of the 6~312 resonance is about four times broader than the profile of the 6p resonance while our theoretical investigations predict similar magnitudes for the two components. Calculation of resonance profiles shows that, for saturated ionisation, only the wings of the profiles have to be considered. Under this assumption, the width of theoretical profiles for 6p resonances are in the ratio 1 : 4.
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Starting from intensity-dependent multiphoton ionisation cross sections presented in figures 5 and 6, we have calculated the ionisation probability per light pulse for an intensity of 15 GW cm-* and a pulse duration of 7.5 ns (see figure 4(c) ). The number of singly charged ions Sr+(Ss) and Srt(5p,,J has been chosen to fit the experimental value of Srtt at the maximum of 6p and 4f resonances respectively. Theoretical profiles are not expected to fit experimental ones exactly, since in the calculation we have not taken into account the spatial and temporal distribution of intensity which is known to influence strongly the precise shape of resonances .
Calculation of 6p resonances is in good agreement with experimental profiles. The 7d resonance is overestimated by the calculation. This feature, and the strong asymmetry of experimental profiles for resonances with transitions starting from 5s, may be due to a slight decrease of the Sr+ yield in the frequency range between the two 6p resonances. The calculated 4f resonance profile presents a dip which does not appear in experimental data. This feature can be understood from the results given in figure 6 . The 4f5,* and 4f,,, states are strongly coupled with each other by the two-photon interaction. This results in a large AC Stark shift which essentially increases the doublet splitting without changing noticeably its centre of gravity. However, the dip in the resonance profile shifts when the intensity is increased. Consequently, if spatial and temporal distributions of intensity were taken into account, the doublet structure would vanish to give a broad resonance with a width of the order of the splitting at maximum intensity. From such considerations, we can conclude that the ionisation probability confirms the assignment of resonances in the Sr++ yield spectrum.
Excitation of resonances 6p, after absorption of three photons, and 7d, after absorption of four photons, is possible only for linearly polarised light. However, the light beam has an elliptic polarisation that we can treat as two independent components of an orthogonal polarisation. The largest component being taken as the polarisation axis, its effect is to produce multiphoton ionisation, as described and calculated above, through quantum paths corresponding to a constant value (*;) of the projection, m, of the total momentum, j , on the quantisation axis. The effect of the orthogonal component is to mix states with different values of m and open new ways to ionisation. The elliptic character of the polarisation of the light may be responsible for the discrepancy observed in, the comparison of experimental and theoretical resonance profiles.
Conclusion
We have observed multiphoton multiple ionisation of strontium in the range 532-41 nm. Measurement of the Sr' yield has allowed us to obtain accurate values for the energy of the four expected autoionising states 4d5f with J = 3. Resonances have been observed in the Sr++ yield, and their assignments were ascertained by accurate calculations of the ionisation probability which explicitly took into account strong field effects occurring near resonances.
The richness of the processes observed in the range of frequencies investigated shows that it would be interesting to complete the present study by electron measurements (energies and angular distributions). This case should constitute a favourable situation to test the various mechanisms expected to be responsible for double ionisation and, in particular, to discriminate between the direct and the stepwise processes which are involved.
